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Abstract
In a system with a Bjorken-Flow (BF), considering the inside of a BF as a
subsystem for the reason explained in the body text, we compute entanglement
entropy (EE) appearing in our side. BF is an explosively expanding ball consist-
ing of many concentrically scattering quark-gluon plasmas created colliding two
masses of hadrons. Our BF is defined in the boundary space of a five-dimensional
time-evolving asymptoticly Anti de-Sitter space with a growing Schwartzshild
black hole, and we compute EE using Ryu-Takayanagi formula. Since BF is a
time-evolving non-equilibrium system, this study can be considered as an exam-
ple of analysis for a dispersion process of a local excitation, which would be a
significant point in this study. Next, a parameter in the space-time can be related
with the five-dimensional direction. The transformation of the five-dimensional
direction has relation with the holographic renormalization transformation. Fur-
ther, some of transport coefficients in the second-order hydrodynamics can be
determined from that parameter. Therefore, we can determine the behavior of
these transport coefficients in the renormalization transformation.
∗shingo.portable(at)gmail.com
1 Introduction
The area law, Bekenstain-Hawking entropy (BH entropy), in the black hole entropy is
very important in the question of what the true degree of freedom in the gravity is. An
attempt to understand the area law from the viewpoint of entanglement entropy (EE)
will arise from the fact that the causality terminates at the horizon and the inside of
black hole is invisible,
Based on such an attempt, study on EE in field theories has been performed actively
from the late 80’s to the early 90’s [1, 2, 3]. As a result, the area law could be derived,
but properties not agreeing with BH entropy have been also obtained, which are mainly
two: the UV divergence of EE in field theories, and what the value of EE varies
depending on kinds of fields in field theories. However, these could be understood as
BH entropy is classical black hole entropy, and EE is its quantum corrections.
D-branes have been discovered [6] and the BH entropy in a five dimensional extremal
black hole in the D1-D5 system has been reproduced in the superstring theory [7]. As a
result, superstring theory has become very active, and study on EE has burned down.
However, AdS/CFT has been proposed [8, 9, 10], and the holographic definition of
EE (hEE) called Ryu-Takayanagi formula (RT formula) has been proposed [11, 12].
RT formula leads to an interpretation that hEE is a generalization of BH entropy
based on the area law. Furthermore, once an EE is given in field theories, the metric of
holographically corresponding space-time can be determined according to the demand
that the EE can be holographically reproduced by RT formula. For these points of
view, investigation of hEE has become very active.
One application in the context of hEE is analysis for non-equilibrium (thermaliza-
tion/dissipation) processes (We refer to as “thermalization process” in what follows).
Quantum quench, a manipulation to change some parameters in the model such that
some excited states are set, is important in these. The system getting the a quan-
tum quench starts an evolution toward some equilibrium state [13, 14, 15, 16]. It is
possible to follow its time-evolution once a pure state and a Hamiltonian are given.
Derivation of thermal states can be demonstrated if trace out is performed for the quan-
tum states corresponding to the subsystem [17]. Since EE is the quantity determined
only by correlation between quantum states, and has no relation with distance, EE
serves as a suitable quantity in probing non-local phenomena such as thermalization
processes. One of the current active subjects in the context of EE is to demonstrate
analysis of hEE in some gravities dual to some thermalization processes [17, 18, 19, 20].
We now turn to a Bjorken-Flow (BF) [21] with the motivation mentioned above.
BF is a model for the time-evolution of scattering quark-gluon plasma (QGP) created
by colliding two masses of hadrons. It is an explosively expanding ball consisting of
scattering QGP in a concentric fashion, and is in the stage filled with the QGP behaving
as a fluid some time after the moment of the collision (See Fig.1 in [22, 28]). The time-
evolution of BF is a kind of thrmalization process. In addition, it is confirmed from
observation that its viscosity is the least value, which means that it is extremely strong
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coupling system†. This strongly coupling motivates us to consider the holographic BF.
Construction of the holographic gravity for a BF based on AdS/CFT correspon-
dence is a challenging work. The ground for what we could construct the holographic
dual gravity for BF is basically the following one: We can obtain the stress tensors in
the dual gravity side which can agree with the ones of BF in the late-time in the field
theory side [23], where the late-time is the stage where QGP behave like fluid.‡
The papers [24, 25, 26, 27, 28, 29, 30] would be some papers corresponding to
check points in the development in the construction of the holographic gravity model
for BF. However, all of these have had three problems: 1) Check of the presence of
an event horizon cannot be performed (as the dual geometry is time-dependent and
event horizons are global objects), 2) why transport coefficients can be determined by
regularities of the dual space-time (presence of singularities is not always mean the
breakdown of the theory), 3) presence of a logarithmic singularity. For more detail, see
[32]. From 2008 to 2009, a holographic gravity model in which these three are solved
could be obtained [31, 32].
We have no ways to know the details of what is happening inside of BF except for
what its insides is very hot. So, we can regard the inside of BF as a subsystem, which
is mentioned in Chap.3. If so, we can consider EE. Then, it would be interesting to
investigate such a hEE using the gravity model provided in [31, 32] as a new kind of
hEE for thermalization process. We therefore compute the hEE for a holographic BF
in the space-time of [31, 32] by regarding the inside of BF as a subsystem.
Our study is considered as a demonstration of analysis for hEE in a time-evolving
non-equilibrium system of the large-N QCD for a dispersion process of a local excita-
tion, which would be a significance in this study.
Further, we will be able to make a correlation between a parameter in our space-time
[31, 32] and the holographic renormalization transformation. Since some of transport
coefficients in the second-order hydrodynamics are determined from this parameter
[33], we show the behavior of the transport coefficients in the renormalization trans-
formation.
We mention the organization of this paper. In Sec.2, the space-time in this study
is given. In Sec.3, the expression of hEE we compute is given. In Sec.4, the expression
given in Chap.3 is computed. In Sec.5, transport coefficients determined from the
computation of our hEE are shown. In Appendix.A, the expression of hEE given in
Chap.3 is shown in the form that the arguments in the integrand are written explicitly.
In Appendix.B, we comment that the expression of our space-time would become highly
complicated if we write R, the AdS radius, explicitly.
† it is known that [viscosity] ∼ [mass density] × [mean velocity] × [mean free path], and such a
viscosity is caused of an extremely short mean free path, which means that the system is strongly
coupled.
‡ There is a convenient coordinate system to describe concentrically scattering particles, which
is “the local rest frame”. Scattering particles look static in this coordinate system, and the stress
tensors of BF in field theory side are described on this coordinate system. The local rest frame is also
arranged on the boundary space.
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2 Gravity dual to Bjorken-Flow in this study
We in this chapter introduce the space-time we consider in this paper, which is the
following five-dimensional asymptotic AdS space with a growing black hole in the
Eddington-Finkelstein type coordinate (EF coordinate):
ds2 = −r2adτ 2 + 2dτdr + e2(b−c)(1 + rτ)2dy2 + r2ec y2τ 2dΩ22. (1)
where the AdS radius R is taken to 1. This is firstly derived in [31, 32]. Here, since in
this paper we consider a spherical coordinate system in the four-dimensional boundary
space, dΩ22 is dθ
2 + sin θ2dφ2, and the factor y2τ 2 comes from the fact that in this EF
coordinate, the radial direction in the four-dimensional boundary space is specified by
yτ . This is because y and τ plays the role of the scattering velocities and the proper
time of QGP, respectively, as mentioned in the last paragraph in this chapter. We shall
note that the factor y2τ 2 appears as a spherical coordinate system is taken, and it does
not appear in the original papers [31, 32].
a, b and c are given in the late-time expansion which is technically an expansion
around a large τ (with r treated as uτ−1/3), which corresponds to the stage in the
evolution of a Bjorken-Flow (BF) that QGP are in a stable hydrodynamic phase. a, b
and c are concretely obtained to its sub-subleading order in [31]. We write these with
some cosmetic modifications as
a(u, τ) = a0(u) + a1(u)τ
−2/3 + a2(u)τ
−4/3 +O(τ−8/3) (2)
b(u, τ) = b0(u) + b1(u)τ
−2/3 + b2(u)τ
−4/3 +O(τ−8/3) (3)
c(u, τ) = c0(u) + c1(u)τ
−2/3 + c2(u)τ
−4/3 +O(τ−8/3) (4)
where
u ≡ rτ 1/3, (5)
and
a0(u) = 1− w4u−4, b0(u) = c0(u) = 0, (6)
a1(u) = − 2
3u5
{
(1 + ξ1)u
4 + ξ1w
4 − 3η1uw4
}
(7)
b1(u) = − (ξ1 + 1)/u (8)
c1(u) =
1
3w
{
arctan
u
w
− π
2
+
1
2
ln
(
u− w
u+ w
)}
− η1
2
ln
(
1− w
4
u4
)
− 2ξ1
3u
, (9)
a2(u) =
ξ21
9u6
(
u4 − 3w4)− 4ξ1
9u5
(
u3 − 3η0w4
)− 2ξ2
3u5
(
u4 + w4
)
− 1
18u5
[
4
(
u3 + 3λuw4
)
+ 3η0w
4
{
3η0u
(
12 lnu+ 5
)
+ 4
}]
+
u4 + w4
6u5w
(
9η20w
2 + 1
)
arctan
( u
w
)
+
9η20w
4 + w2
6u4
ln
(
u2 + w2
)
+
9η20w
2 − 1
12u5w
{
(u4 + 2uw3 + w4) ln(u+ w)− (u4 − 2uw3 + w4) ln(u− w)
}
, (10)
3
b2(u) =
1
2u2
− ξ
2
1
6u2
− ξ2
u
+
η0
4
(
−24η0 ln u− 4
u
+
π
w
)
+
9η20 − 2η0u+ w2 + 1
4uw
arctan
( u
w
)
+
18η20 + w
−2
12
ln
(
u2 + w2
)
+
3η0w − 1
24uw2
{
3η0w(4u− 3w) + 2u− 3w
}
ln(u− w)
+
3η0w + 1
24uw2
{
3η0w(4u+ 3w)− 2u− 3w
}
ln(u+ w), (11)
c′2(u) =
ξ1
9 (u5 − uw4)2
{
6
(
w4 − 5u4) η0w4 + 4u3 (u4 + w4) }+ 2ξ21
9u3
+
2ξ2
3u2
+
η0w
3
3 (u5 − uw4)2
{
12wη0u
5 − 6wu4 + π (u4 − w4) u+ 2w5}
+
4η0u
2
3 (u4 − w4) ln u−
3η0u
3 + w2
9u5 − 9uw4 ln
(
u2 + w2
)− πu3 − 3w (4λw4 + u2)
9 (u5 − uw4)w
−
(3wη0 − 1)
{
(u+ w) (u2 − 2wu+ 3w2)− 9w(u− w)(u2 + w2)η0
}
36u2(u− w) (u2 + w2)w ln(u− w)
−
(3wη0 + 1)
{
(u− w) (u2 + 2wu+ 3w2) + 9w(u+ w)(u2 + w2)η0
}
36u2(u+ w) (u2 + w2)w
ln(u+ w)
+
u4 + 3w4 − 3w2η0
{
4uw2 + 9 (u4 − w4) η0
}
18u2 (u4 − w4)w arctan
( u
w
)
. (12)
ξ1 η0 and w are integral constants. ξ1 is fixed up to the gauge freedom of coordinate
system. η0 and w are related each other for the demand for no singularities in the
space-time. These can be finally determined as [31, 32]
ξ1 = −1, η0 = 1/(3w). (13)
The expression of c2(u) is given with a derivative for u. We can integrate it, how-
ever since its expression is so complicated, if we involve c2(u) into our computation,
our computation becomes unfeasible (e.g., r∗ in (30) becomes unobtainable.). For this
reason, we perform our computation to the subleading order, and disregard the sub-
subleading order, a2(u), b2(u) and c2(u).
The Hawking temperature of the black hole in this space is [31]
TH = w/π · τ−1/3. (14)
Note that τ is a real time.
The coordinate (1) asymptotes to AdS space when u grows as
ds2
∣∣
r→∞
= lim
r→∞
{
r2
(−dτ 2 + τ 2dy2 + y2τ 2dΩ22)+ 2dτdr + · · ·}
∼− dτ 2 + τ 2dy2 + y2τ 2dΩ22. (15)
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• The coordinate system (15) can be obtained from ds2 = −(dx0)2 + (dx1)2 +
(dx2)2+(dx3)2 with relation: (x0, x1) = (τ cosh y, τ sinh y), where (dx2)2+(dx3)2
is changed to the polar coordinate, y2τ 2dΩ22, in this paper.
• τ and y in the coordinate system (15) correspond to the scattering QGP’s proper
time and scattering velocities in a concentric fashion. The ranges of these are
respectively 0 ≤ τ and 0 ≤ y ≤ 1.
• The QGP of the BF scatter in a concentric fashion, and these world-lines agree to
the the y-constant lines in this coordinate system (15). Therefore, these locations
in the radial direction can be specified as y τ in this coordinate system (15). This
frame is named the local rest frame (LRF).
3 Expression of our holographic entanglement en-
tropy
In this chapter, we explain the entanglement entropy we will compute. We will perform
actual computation in the next chapter.
The BF we consider is an expanding three dimensional ball composed of the layers
of QGP scattering in a concentric fashion with the velocities in 0 ≤ y ≤ 1. We can
regard all the inside of the BF as a subsystem for us. This is because it is very hot for
us, so we have no ways to know the states inside the BF. In this case, the EE in the
case that the inside of the BF is a subsystem will appear in our side. We explain this
in what follows.
First, we have no ways to know the states inside the BF except for what it is a
very hot ball. We can therefore write the whole density matrix by a product of the two
density matrices for the whole space except for the BF and BF’s space as
ρwhole = ρ0 e
−βBFFBF, (16)
where ρ0 = e
−β0H0 , which is the density matrix for the space except for the BF’s space.
β0 is inverse of some normal temperature around us, and βBF is the inverse of of some
BF’s very high temperature. FBF is the free energy for the BF as
e−βBFFBF = tr ρBF. (17)
If we admit this point, we can write our density matrix as
ρwhole = trBF (ρ0 ρBF), (18)
where trBF is the trace only for the BF’s part. We can therefore consider EE written
as SEE = −tr (ρwhole ln ρwhole). This EE is the one defined by regarding the inside of a
BF as a subsystem.
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Since the QGP in the BF are strongly coupling, we employ not some field theory
computation but the holographic EE (hEE) defined by the Rye-Takayanagi formula to
evaluate our EE. Therefore, what we compute is an area of the surface overhanging in
the five-dimensional space as
SEE =
1
4G5
∫
γ
(√∣∣∣gτ ′τ ′ (dτ ′)2 + gτ ′r dτ ′dr∣∣∣ ·
∫
S2
dθdφ sin θ gΩ2Ω2
)∣∣∣∣∣
y=1
=
πτ 20
G5
∫ 0
τ0−1/δ
dτ ′ r2ec
√
r2a− r˙ (19)
=
πτ 20
G5
∫ r∗
1/ǫ
dr r˙−1 r2ec
√
r2a− r˙. (20)
where r˙ ≡ dr/dτ ′, and in the first line,
• gτ ′τ ′, gτ ′r and gΩ2Ω2 can be read off from the metric (1). We have put an “absolute
value” in the square-root of the first line in order to avoid that its content becomes
negative when r˙ = 0 at the turning point of the area.
• We regard the inside of the BF as a subspace for the reason mentioned above,
and the most external layer of the BF is expanding with the velocity y = 1.
• γ means the surface to be integrated, which overhangs from the boundary of the
subsystem in the four-dimensional boundary space to the five-dimensional space.
•
∫
S2
dθdφ sin θ can be performed independently of the γ-integral, which will be
just a 4π.
In the second line,
• 1/δ is the parameter for the holographic UV cutoff, 1/ǫ.
The “τ0 − 1/δ”, the lower limit of the τ ′-integral, corresponds to the position of
the boundary space in the bulk space, which we represent as 1/ǫ in the third line.
The “0”, the upper limit of the τ ′-integral, corresponds to the turning point of
the area, which we represent as r∗ in the third line.
• All the r in (19), including the r in the arguments of the a and c, are the functions
of the τ ′.
• All the τ in the gΩ2Ω2 in the S2-integral is τ0. On the other hand, τ appearing
from the non-trivial part of the area-computation given by a square root are τ ′.
Here,
– τ ′ is the integral variable, which plays the role of the parameter to specify
the r-coordinate of the surface via r(τ ′).
– τ0 is the proper time at when we will measure EE, which is distinguished
from τ ′, and behaves as a constant in the τ ′-integral.
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In Appendix.A, we give the expression in which all the arguments that we have
explained above are explicitly written.
In the third line,
• The τ ′-integral in the second line is changed to the r-integral. Corresponding
to this, the fundamental variable in the third line is r. Therefore all the τ ′ are
treated as some functions of r as τ ′ = τ ′(r). As a result,
– a and r˙ are some functions of τ ′ in the second line. Therefore, these are
some functions of r as a = a(r) and r˙ = r˙(r) in the third line. We obtain
these concrete expression in the next chapter.
– Since c is independent of τ ′ as c = c(r, τ0), we can use the expression of c in
(9) with just a replacement: τ → τ ′ as it is.
As can be seen, in our computation, we utilize the information at τ ′ = 0 despite
the fact that our space-time is given as the late-time expansion. We comment on this
in the summary.
In this paper, the AdS radius R is taken to 1, but if we write it explicitly, we can
see that our SEE is proportional to R
3/G5. Therefore, using the well-known relation:
G5 = G10/(π
3R5) = πR3/(2N2c ), we can confirm that our SEE is proportional to N
2
c as
well as other holographic entanglement entropies.
4 Computation for our holographic entangle en-
tropy
We have given an expression for hEE which we compute in the previous chapter. We
evaluate it actually in this chapter.
4.1 Expressions of a and r˙ as functions of r such that the
area-computation becomes feasible
We evaluate SEE based on the expression (20) with the r˙ and a corresponding to the
most minimal surface configuration. We obtain such r˙ and a from (19) in the manner
explained below. (Why we focus on r˙ and a and do not focus on quantities other than
these is described in the explanation of “the third line” for (20).)
In order to fix r˙ and a to the most minimal area configuration, we utilize the general
fact that Hamiltonian is a constant when configuration is on an extremal.
To be concrete, regarding the integrand in (19) as a Lagrangian density (We abbre-
viate “density” from now on), we obtain a Hamiltonian from the Legendre transforma-
tion. Then, regarding it as a constant, we obtain expressions of r˙ and a in terms of a
constant Hamiltonian by performing some manipulation explained in what follows.
Since these r˙ and a are obtained in the situation that the Hamiltonian is a constant.
In general, when Hamiltonian is a constant, the system can be automatically considered
to be on the extreme. Therefore, our system is on a extreme. We suppose it is the
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most minimal. Therefore, the r˙ and a are supposed to correspond to the most minimal
configuration of the surface.
We evaluate SEE in (20) using such r˙ and a. Here, the parameters in the description
of the surface is τ ′ or r. SEE in (20) is given by an r-integral. Further, r˙ and a are the
quantities determined by the surface configuration. Therefore, we have to obtain the
expressions of r˙ and a as functions of r, separately.
We summarize our procedure we will perform for this in what follows. We will
perform concrete computation after the following description:
• Regarding the integrand in (19) as a Lagrangian, we obtain a Hamiltonian via
the Legendre transformation. Here, (r, r˙) play the role of the conjugate variables
and τ ′ plays the role of the time parameter in our Lagrangian (19).
Therefore, we can treat r and r˙ as an independent variables. We will also treat
a as a variable.
• Supposing that the Hamiltonian is a constant, we denote it as H0. Then, equat-
ing the one obtained by the Legendre transformation of the Lagrangian (19) with
H0, we can write the equation: H0 = H0(a, c, r, r˙), where the l.h.s. is the con-
stant, and the r.h.s. is the one obtained from the Legendre transformation of the
Lagrangian.
• By solving the equation, H0 = H0(a, c, r, r˙), in terms of a, we can obtain the
representation of a as a = a(c, r, r˙,H0). However, it is not sufficient, We need to
obtain the expressions of r˙ and a separately.
• Substituting a = a(c, r, r˙,H0) into the a in the first Lagrangian L(a, c, r, r˙) given
by the integrand in (19), we perform the Legendre transformation again. Then,
we can obtain the Hamiltonian written as H0 = H0(c, r, r˙). Solving this in terms
of r˙, we can obtain the expression of r˙ as r˙ = r˙(c, r,H0).
Here, we may notice an inconsistency for the arguments between the l.h.s. and
r.h.s. that r˙ in l.h.s. is a function of τ ′, but the r.h.s. is written without τ ′.
But r˙ is now treated as an independent variable as mentioned above, such an
inconsistency does not exist.
• Substituting the r˙ = r˙(c, r,H0) into the r˙ in a = a(c, r, r˙,H0), we can obtain the
expression of a separately from r˙ as a = a(c, r,H0).
Here, since a is originally a function of r and r˙, there may be some inconsistency
concerning the arguments between the l.h.s. and r.h.s.. However, as we are now
treating it as a variable as asserted above, the r.h.s. is the expression for the
variable a, and such an inconsistency does not exist.
• Substituting these expressions for r˙ and a into the integrand in (19), we can
obtain the integrand in (20) written by r and other variables without τ ′.
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Let us perform what we have described above in what follows, concretely.
To begin with, we regard the integrand in (19) as a Lagrangian:
L ≡ ecr2
√
ar2 − r˙. (21)
Then, we can obtain the corresponding Hamiltonian as
H = r˙ ∂L
∂r˙
−L = −r
2ec (2ar2 − r˙)
2
√
ar2 − r˙ . (22)
Now, assuming that H is a constant, let us formally denote it as H0. Then, we can
write (22) as
H0 = r.h.s. of (22). (23)
From this equation, we can obtain an expression of a as
a =
1
2r6
{
r4 r˙ + e−2cH0
(
H0 ±
√
(H0)2 − 2e2c r4 r˙
)}
. (24)
System is in general on an extreme if its Hamiltonian is a constant. Therefore, the
above a corresponds to an extremal configuration of the surface. We now suppose that
this extreme is the most minimal, which means this a is considered to correspond to
one of local minimal surface configurations.
As for the option of “±” in (24), we can see later that there is no changes whichever
we choose in the solution of r˙ at (26). However, it turns out later that H0 becomes
zero trivially in the evaluation at (31) if we choose “+”. We therefore perform our
computation in what follows with “−”.
Substituting the a in (24) into the a in the r.h.s. of (21), and performing the
Legendre transformation again, we can obtain a relation for H0 as
H0 = 1
23/2
(
H0√
(H0)2 − 2e2c r4 r˙
− 1
)√
−e2c r4 r˙ +H0
(
H0 −
√
(H0)2 − 2e2c r4 r˙
)
.
(25)
Solving the above with regard to r˙, we can obtain the three expressions of r˙ written
without τ ′. One of them is just zero, and the rest two are
r˙ =
2(−4± 3√2) (H0)2
e2c r4
. (26)
Since the surface overhangs into the side where the black hole exists, r goes in the
opposite direction of the r-axis as τ ′ decreases§. According to this, since r˙ should be
positive, we should choose the one with “+”.
§ r 1/ǫ → r∗
τ ′ τ0 − δ → 0
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Substituting this into the a in (24), we can obtain the expression of a written
without τ ′ as
a =
2(−1 +√2) (H0)2
e2c r6
. (27)
If we had chosen “−” in (26), the “+” in the front of √2 chenges to “−” and this a
becomes negative, which is inconsistent with the fact that a|u→∞ → 1 (our space-time
is AdS at the asymptotic region as in (15)).
Using (26) and (27), we can write down the expression of the SEE in (20) as the
one written by r and τ without τ ′ as
SEE = −
πτ 20
(
1 +
√
2
)
2G5H0
∫ r∗
1/ǫ
dr e2cr4. (28)
Before evaluating the above, let us evaluate r∗ and H0.
4.2 Evaluation of r∗ and H0
We first obtain r∗ in terms of τ0. Since r∗ corresponds to the turning point of the
surface, the following equation can be hold¶:
r˙
∣∣
r=r∗
= 0, (29)
where arguments are not considered in the l.h.s. above for the reason written between
(27) and (28).
It turns out that this equation cannot be solved analytically in terms of r if we
treat r˙ in (26) as it is. Therefore, we perform the late-time expansion. We expand
with regard to τ0 to the τ
−2
0 order. If we expand more, it becomes unable to be solved
in terms of r.
Solving such an expanded (29) with regard to r∗, we can obtain r∗ = ±w3/4/(31/3√τ0),
±iw3/4/(31/3√τ0). Taking the real positive one, the r∗ we employ is
r∗ =
w3/4
31/3
√
τ0
. (30)
We next evaluate H0. It can be evaluated using the expression (22) at the turning
point, namely r˙ = 0 and r = r∗. As a result, we can write H0 as
H0 = −
√
a ec r3∗ with a = a(r, τ
′)
∣∣
r= r∗, τ ′=0
and c = c(r, τ0)
∣∣
r= r∗
. (31)
We can see that our Hamiltonian is negative. However it does not matter because our
Hamiltonian has been introduced as a formal one to solve the problem of the minimal
configuration.
¶An another relation obtained from the integration such as dz/dx = f(z, x)⇒ ∫ dx = ∫ dzf−1(z, x)
is employed to obtain the turning point [11], where f(z, x) is some function.
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We here comment that it may appear that we have performed some unreasonable
analysis for using r∗ despite the fact that our space-time is given by the late-time
expansion, where r(τ ′)|τ ′=0 = r∗. Namely r∗ is the value corresponding to τ ′ = 0.
However, this is not problems because the surface exists without any problems in the
given late-time expanded space-time, and the r∗ here is just referring a point on the
well-defined area, and it is not the behavior to actually rewind the space-time. However,
a(r, τ ′)
∣∣
r= r∗, τ ′=0
is a problem, which we comment in the next section.
4.3 Behaviors of r∗ and w in the holographic renormalization
transformation
Now, we can determine the w in (13). From the expressions of a in (27) and H0 in
(31), we can obtain an identity:
a(r, τ ′) = 2(
√
2− 1) a(r∗, 0) e
2c(r∗,τ0) r6∗
e2c(r,τ0) r6
. (32)
Here, since our space-time is the asymptotic AdS as in (15), the relations: a|u→∞ → 1
and c|u→∞ → 0 for r → ǫ−1 with ǫ→ 0 can hold. Therefore, a relation: r.h.s. of (32) =
1 can hold in the neighborhood of the boundary space at r = ǫ−1, if r.h.s. of (32)
represents values of a. From this we can obtain
r∗ =
ǫ−1(
2(
√
2− 1)a(r∗, 0) e2c(r∗,τ0)
)1/6 . (33)
Equating this with r∗ in (30), the values of w depending on the location of the boundary
space ǫ−1 can be determined as
w =
(
27
4
(
3 + 2
√
2
) τ 60(
a(r∗, 0) e2c(r∗,τ0)
)2
)1/9
ǫ−4/3. (34)
ǫ−1 means the location of the boundary space in the radial direction of the AdS
space. Therefore, we can know values of w that the w on the boundary space specified
at r = ǫ−1 acknowledges.
Here, we shall note that ǫ−1 is not a variable but a parameter. Therefore, depen-
dence on ǫ−1 does not mean the r-dependence, and the fact that the space-time in this
study is a solution is not affected.
Further, changing the value of ǫ−1 means the holographic renormalization transfor-
mation. Therefore, we can know the behavior of w in the holographic renormalization
transformation.
As for a(r∗, 0) in (33) and (34), first, it is the quantity at τ
′ = 0, which is just
the moment that two masses of QGP’s colliding each other, and a BF just comes into
existence. In the corresponding dual gravity side, it is the moment that an infinitely
high temperature black hole with an infinitesimally small horizon radius, namely a
point-like black hole, suddenly comes into existence in an empty AdS space. As a
description of the function, the terms truncated becomes effective, and it is the moment
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that the late-time expansion is inapplicable as τ ′ = 0. If we try to obtain such a space-
time from some analysis rightly, the knowledge of the quantum gravity is needed for
the point-like black hole. However, it would be considered that the asymptotic region
is classical and asymptotes to an AdS space, even if its τ ′ is zero and a point-like black
hole exists at its center. We will then consider that the region around r∗ is included in
such an asymptotic region. Then, we can treat a(r∗, 0) as
a(r∗, 0) = 1. (35)
Next, we turn to the matter of e2c(r∗,τ0) in (33) and (34). Indeed, since there are
also r∗ and w in e
2c(r∗,τ0), namely c(r∗, τ0) in e
2c(r∗,τ0) of r.h.s. is written in terms of r∗
and w, we have to solve (33) and (34) in order to obtain r∗ and w. However, if we try
to do it, even if we try only with the first correction of the late-time expansion with
the order τ
−2/3
0 as
r∗ =
ǫ−1(
2(
√
2− 1))1/6
(
1− c1
3
τ
−2/3
0 +O
(
τ
−4/3
0
))
, (36)
w =
(
27
(
3 + 2
√
2
)
ǫ−12 τ 60
4
)1/9(
1− 2c1
9
τ
−2/3
0 +O
(
τ
−4/3
0
))
, (37)
(where c1 is given in (9)) it turns out that we cannot solve the aboves with regard to
r∗ and w for some technical reason due to the contribution from c1. We will therefore
consider the leading part only in the r.h.s.’s. Namely, the r∗ and w we will consider
in this study are the ones obtained with the r.h.s. up to the constant part, and we
disregard the corrections under the τ
−2/3
0 order.
4.4 Evaluation for our holographic entanglement entropy
Let us now evaluate our EE based on the expression in (28), where c(r, τ0) is given in
(4) with c0 and c1 up to subleading order (13) for the reason written under (13), and
r˙ and a given in the r.h.s. of (26) and (27), and H0 given in (31), and w and r∗ given
in (36) and (37).
Since it is difficult to perform the integral of the integrand as it is, considering
that our space-time is originally given in the late-time expansion, and that we have
involved its corrections up to subleading order, we expand the integrand by the late-
time expansion and take it to the subleading order.
The late-time expansion is performed in terms of large τ and u (r are replaced with
u, and not appear.). Therefore, expanding the integrand around τ0 = ∞, and then
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rewriting r by u, let us write it to the subleading order. Its result is
SEE =
πτ 20
(
1 +
√
2
)
G5H1
∫ r∗
1/ǫ
dr
[
r4ǫ3
2
+
2r3ǫ3
3τ0
− 1
36w1
(
6π + 24 ln (w1/r)− 32 log ǫ+ 8 log τ0
)r4ǫ13/3
τ
4/3
0
+
4r2ǫ3
9τ 20
+ · · ·
]
=
πτ 20
(
1 +
√
2
)
G5H1
∫ r∗
1/ǫ
dr
[
r4ǫ3
2
+
2u30ǫ
3
3τ 20
+
{
− 1
36w1
(
6π + 24 ln
(
w1τ
1/3
0 /u0
)
− 32 log ǫ+ 8 log τ0
)
u40ǫ
13/3 +
4u20ǫ
3
9
}
1
τ
8/3
0
+O
(
τ
−10/3
0
)]
. (38)
In the above, u0 ≡ ǫ−1τ 1/30 , and the limit ǫ → 0 is taken. Further, we have written as
H0 ≡ −H1ǫ3, w0 ≡ w1ǫ−4/3τ 2/30 .
In the first line, two expansions around r =∞ and ǫ = 0 are performed. Its result
does not change if we change the order of the limits. From the first to second lines, the
integrand has been rewritten into the form of the late-time expansion with rewriting
into u and τ0.
The terms in the first line are the all that will be effective in the late-time expansion
to the subleading, and the second line is the all to the subleading order. Therefore, it
is enough to perform the r-integral to the terms in the first line as long as we consider
the late-time expansion up to the subleading order.
Explicitly writing the result in the expansion terms of ǫ, it can be written as
SEE =
πτ 20
(
1 +
√
2
)
G5H1
[
1
10ǫ2
(
1(
2
(√
2− 1))5/6 − 1
)
+
1
6τ0ǫ
(
1(
2
(√
2− 1))2/3 − 1
)
−
(
3 log
(
wc8
r8
)
+ 8 log(τ)− 32 log ǫ+ 6π
)
180w1τ
4/3
0 ǫ
2/3
(
1(
2
(√
2− 1))5/6 − 1
)
+
4
27τ 20

 1√
2
(√
2− 1) − 1

+O (ǫ)

 . (39)
The terms written in the above are ∼ ǫ−2, ∼ ǫ−1, ∼ ǫ−2/3 and ∼ 1. These except for
∼ 1 are divergent terms in the limit: ǫ→ 0. However the most hardest order is “−2”,
which is the most hardest divergence order generally appearing in the holographic EE‖,
and can be removed by considering some counter term.
‖ it is known that the most hardest leading contribution in hEE will be as SEE ∼ R
n
4Gn+2
· 1
ǫn−1
for AdSD=n+2 with the AdS radius R [11].
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Therefore, all the divergent terms in the above can be removed in (39), and the
constant part will survive. Our final result as
SEE =
4π
(
1 +
√
2
)
27G5H1

 1√
2
(√
2− 1) − 1

 . (40)
The result is independent of τ0 (and positive). Since the BF is expanding as τ0
proceeds, our EE would be expected to depend on τ0. However, the result (40) is not
so. With regard to this point, the black hole in our space-time is also growing, which
has an effect to make the area for our EE into small. Therefore, this result would
be the result of the balance between the effects of black hole’s growing and the BF’s
expanding.
5 Transport Coefficients in Holographic Renormal-
ization Transformation
The transport coefficients in second-order hydrodynamics in a BF can be written as
[33],
η = ε0η0
(
ε
ε0
)−4/3
, τΠ = τ
0
Π
(
ε
ε0
)−1/3
, λ1 = ε0λ
0
1
(
ε
ε0
)1/2
, (41)
with
ε
ε0
= τ
−3/4
0 − 2η0τ−20 + ǫ(2)0 τ−8/30 + · · · ,
ǫ
(2)
0 =
1
6
(
9η20 + 4(λ
0
1 − η0τ 0Π)
)
, (42)
where η, τΠ and λ1 are shear viscosities, relaxation time, some transport coefficient.
η0 in (41) and w are related each other by the relation (13). Relation between w
and the renormalization transformation is obtained in (37), where the renormalization
transformation is given by variation of ǫ−1. We can therefore know the behaviors of
the above transport coefficients in the renormalization transformation and τ0.
Also, τ0 in (41) and w are related each other by the relation (13). Relation between
w and τ0 the renormalization transformation is obtained in (37).
We plot these by assigning some values to the parameters λ01, τ
0
Π and ǫ0. We show
these in Figs.1 and 2.
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Figure 1: Behaviors against 1/ǫ, namely the holographic renormalization transforma-
tion, for constant τ0. (Top-left): Some second-order transport coefficient, λ1. (Top-
right): Relaxation time, τΠ. (Bottom): Shear viscosity, η. Parameters are taken as
(τ0, λ
0
1, τ
0
Π, ǫ0)=(100, 1, 1, 100).
Figure 2: Behaviors against τ0 for constant r. (Top-left): Some second-order trans-
port coefficient, λ1. (Top-right): Relaxation time, τΠ. (Bottom): Shear viscosity,
η. Parameters are taken as (1/ǫ, λ01, τ
0
Π, ǫ0)=(100, 1, 1, 100).
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6 Summary and remark
We have computed a hEE for a holographic BF. As the BF is expanding as the observed
time τ0 proceeds, the result will be expected to grow larger and larger as τ0 becomes
larger. However, its result has come out as a constant. This point can be understood
that hEE’s growing arisen from the volume factor is canceled with the black hole’s
growing effect.
Our study would be considered as a demonstration of analysis for a hEE in a time-
evolving non-equilibrium system caused by a dispersion process of a local excitation.
This point would be a significant point in this study. Actually, demonstrations of
calculations for hEE in some non-equilibrium is one of important subjects in the study
of hEE.
Further, we could relate a parameter in the space-time solution and the holographic
renormalization transformation, and shown behaviors of the transport coefficients in
the holographic renormalization transformation.
Our hEE has been defined by regarding the inside of a BF as a subsystem. As for
technical things, we could work out the issue to rewrite the equation describing our
hEE into the form that the r-integral is feasible. However, we could not involve the
contribution of c2(u), the sub-subleading order of the space-time solution. As for this
point, it would be thought that there is no ways at this moment, technically. Further,
there has been two problems in determining w and r˙. One is that we could involve
only the constant part. Another one is treatments of a(r∗, τ
′) at τ ′ = 0.
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A Expression of holographic entanglement entropy
we compute with explicitly written arguments
We have given the expression of hEE as in (19) and (20), and mentioned how the
arguments in the integrands. In this appendix, we give the expression of those with
the arguments written explicitly.
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SEE =
1
4G5
∫
γ
(√∣∣∣gτ ′τ ′ (dτ ′)2 + gτ ′r dτ ′dr∣∣∣ ·
∫
S2
dθdφ sin θ gΩ2Ω2
)∣∣∣∣∣
y=1
=
πτ 20
G5
∫ 0
τ−1/δ
dτ ′ r2ec
√
r2a− dr
dτ ′
=
πτ 20
G5
∫ 0
τ−1/δ
dτ ′ (r(τ ′))2 ec(r(τ
′),τ0)
√
(r(τ ′))2 a (r(τ ′), τ ′)− dr(τ
′)
dτ ′
=
πτ 20
G5
∫ r∗
1/ǫ
dr r˙−1 r2ec
√
r2a− r˙
=
πτ 20
G5
∫ r∗
1/ǫ
dr r˙−1(r) r2ec(r,τ0)
√
r2a(r, τ ′(r))− r˙(r).
The third line is expression that the arguments in the second line are written explicitly,
and the fifth line is the expression that the arguments in the fourth line are written
explicitly.
B Comment on the dimension in the space-time in
this study
We comment on the matter of dimension in the expression of the space-time (1), which
is given in [31, 32].
Counting the dimension by the mass-dimension ([M ] = 1 and [L] = [T ] = −1), we
can see first that [u] = −4/3. Then, we can see that [w4u−4] appearing in a0 is 28/3.
We show it in what follows.
We first make clear [w]. w ∼ 1/η0 as can be seen from (13). According to (41), it
turns out
[ǫ0η0] = [viscosity] = [ML
−1T−1] = 3 ⇒ [ǫ0]− [w] = 3, (43)
where the dimension of viscosities is generally known as the above. Since we can
know that ǫ is an energy density, ǫ0 should be also so. From this, [ǫ0] = [EL
−3] = 4.
Therefore, [w] = 1. What [w] = 1 if [ǫ0] = 4 can be also obtained from (42) in [31],
where we note that E in the (42) is a dimensionless quantity. Hence, we can see,
[w4u−4] = 28/3.
We can also check the dimensions in other quantities as well. For example, we can
also know the dimensions in the four quantities appearing in the numerator of a1 as
[u4] = −16/3, [ξ1u4] = −16/3, [ξ1w4] = 4 and [η1uw4] = 5/3, where [ξ1] = 0 and
[η1] = [w
−1] = −1 from (13).
We can see after all that if we arrange the dimension of each quantity into the same
using some quantity, for example R, the expression of the space-time becomes very
complicated. In this study, R is taken to unit and does not appear explicitly as well as
[31, 32].
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